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1 Introduction 

In the study of gravitational radiation in the early sixties HI l2l, it turned out that the 
asymptotic symmetry group at null infinity in four dimensions is not the Poincare group, 
but an enhanced group where translations are replaced by supertranslations. We have 
recently shown 0, ^ that on the level of the algebra, one can consistently allow for in- 
finitesimal superrotations as well and have worked out the transformation laws of the 
functions parametrizing solution space. The resulting symmetry algebra bms4 is an ex- 
tension of the Poincare algebra that contains two copies of the Virasoro algebra. It thus 
follows that asymptotically flat general relativity in four dimensions is dual to an extended 
conformal field theory. 

An important element that is missing in our analysis is the construction of surface 
charges associated to bms^ together with their transformation laws. This is a notoriously 
difficult task as the surface charges are non-conserved and non-integrable at null infinity 
[|5l. It is the purpose of the present paper to fill this gap. What we are especially interested 
in are the transformation properties of the surface charges . Indeed, in the anti-de Sitter 
case in three dimensions, the central extension [|6] that appears has been used to argue 
for a microscopic explanation of the Bekenstein-Hawking entropy of the BTZ black hole 
[|71- A similar analysis has been applied in the near-horizon limit of an extreme four 
dimensional Kerr black hole [8i|91. 

The main result of our paper is the construction of the field dependent central exten- 
sion that generically occurs in the charge algebra at null infinity. 

When the symmetry algebra is the standard, globally well-defined BMS algebra, we 
show that the extension vanishes. When using the extended BMS algebra with both su- 
pertranslations and superrotations instead and evaluating for a Kerr black hole, some of 
the supertranslation charges as well as the non-vanishing extension involves divergent 
integrals on the 2-sphere. 

Whether our results can be used in the context of a microscopic derivation of the en- 
tropy of a Kerr black hole thus depends on the question of how to regularize the divergent 
integrals that occur and how to extract meaningful answers. Some comments on this 
problem are provided at the end of the paper. 

A more complete and general theory for surface charges in the non-integrable case, 
together with a better understanding of how they generate the asymptotic symmetry trans- 
formations in a Dirac or Peierls bracket, is also needed. We hope to address some of these 
issues elsewhere. 
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2 Summary of previous results 

2.1 General expressions for surface charge one-forms from linearized 
theory 

Our starting point is the covariant approach to surface charges and their algebra devel- 
oped in ifTOl (see also [fmn^l ). In particular, for pure Einstein gravity with or without a 
cosmological constant, it has been shown in [13J that for the linearized theory, described 
by h^,y around a background g^^, the conserved surface charges are completely classified 
by the Killing vectors of the metric g^u- These charges only depend on the Einstein 
equations of motion and not on the choice of Lagrangian. They form a representation 
of the Lie algebra of Killing vectors of gf^u- Their explicit expression coincides with 
formulas derived earlier in [[141 and is given by 



J s 



] (2.1) 
where 

{^n-k \ _ r/T^l A A rl^°^ri-2 ^ _ 1 

kl[n — kjl 

In view of these universal properties of the surface charges in the linearized theory, we 
use them in the context of asymptotically flat four dimensional spacetimes at null infinity. 
Whereas there is no issue with integrability in the linearized theory, in the full interact- 
ing theory with prescribed asymptotics, the expressions are one-forms on solution space 
indexed by asymptotic symmetries and one has to face the question whether these one- 
forms are integrable, i.e., whether one can construct suitable "Hamiltonians" for them 
This explains the notation ^ in (|2.1[) . 

More precisely, in the case at hand, 5* is a spherical cross-section of future or past 
null infinity, "Scri" denoted by .y. The metric (yf^jj, is an asymptotically flat solution to 
Einstein's equations, hf^^, a solution to the linearized equations at g^iy and ^'^ a space-time 
vector realizing the bmS4 algebra on asymptotically flat spacetimes. Throughout, we will 
use the conventions of ^ to which we refer for further details. We thus have n = 4, the 
coordinates are u,r and = 9,(f), with S the 2- sphere at u = uq and r = est — )■ oo, 
i.e., the limits of integration are ^ ^ vr and 0^0^ 27r. We will also use the notation 
/ d^Q'P = J dx^dx^^ = " d(j) dO sin e e^^ below. 
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2.2 Solution space 

Asymptotically flat metrics solving Einstein's equation are of the form 

ds'^ = e'^^-du'^ - 2e^^dudr + gAsidx^ - U^du) idx^ - U^du) , (2.2) 
r 

where 

9AB = r^'fAB + tCab + Dab + -^abCZC^ + o(r-^) . (2.3) 
The background metric is 

^ABdx^dx^ = e^'^ide^ + smOdct?) = e^^dCdC,, 

e 1 - (2.4) 

C = cot-e^^ ^p^cp-cpo, ^o = lnP, P^^{1 + C0. 

We assume for simplicity that ip, ip do not depend on u, ip = ip{x^). Indices on Cab, Dab 
are raised with the inverse of ^ab and = = D^. In addition OuDab = and the 
news tensor is Nab = duCAB- Furthermore, 

P = -^r-^Cid - ^r-'C:lDf + o(r-^-) , (2.5) 



9uA = \dbC^a + \r-' 



+ -CabDcC-" + Na 



+ o(r-^-^), (2.6) 



where Da is the covariant derivative associated to ^ab and Na{u,x-^) is the angular 
momentum aspect; 

V ^ - . 

(2.7) 



r 2 



where _R is the scalar curvature of Da, R = 2e~^'^ — 2A(/9 with A the Laplacian for 
7ab and M(m, x^) is the mass aspect. Finally, the evolution of the mass and angular 
momentum aspects in retarded time u is determined by 



d^M = ~N^N^ + ^-KR + \daDcN^^, 



(2.8) 



d^NA = + -C^dBR + [iV^C^] - \daC%N^ 
4 io 4 

- \ds [CEN^a - N^Cl] - \ds [D^DcC^ - DaDcC^^] . (2.9) 
To summarize, coordinates on solution space to the order we need, are given by 

= {Cab, Nab, Dab, M, Na}. (2.10) 
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Using the evolution equation equations (12.81) . (12.91) . the definition of the news and the u in- 
dependence of Dab, all these fields can be taken at fixed u = uq and thus depend only on 
x^, except for the news which contains an arbitrary u dependence, Nab = Nab{u, a;^). 

We consider ip to be part of the gauge fixing which we do not vary at this stage. It 
thus follows that h^^ is entirely determined to the order we need by 5X^ . 

Note in particular that (|2.8I ) controls the mass loss as shown in [HI El- By integrating 
over the sphere, one finds du Jg (Pfi M = — | / d'^Q N^N^. By definition, the left hand 
side is the Bondi mass whereas, in spherical or in stereographic coordinates, the right hand 
side can easily be seen to be negative and zero if and only if the news tensor vanishes. It 
follows that the Bondi mass is constant unless the news tensor is non-vanishing in which 
case the Bondi mass can only decrease in retarded time u . 



2.3 Asymptotic symmetry algebra and its action on solution space 

Let s = (T, Y) G brriS4 denote a generic element of the symmetry algebra, which con- 
sists of the semi-direct sum of the Lie algebra Y'^Oa of conformal Killing vectors of 
the 2 sphere, "infinitesimal superrotations", acting in a suitable way on infinitesimal su- 
pertranslations which are parametrized by arbitrary functions T = T(x'^), [si,S2] = 
[(Ti,Fi),(T2,r2)] = (T,r),with 

Y = YfdBY^'' -(1^2), f = Y.^OaT, - \DaY^^T2 - {I ^ 2). (2.11) 

In stereographic coordinates C,, C, the algebra may be realized through the vector fields 
y = Y{Qd, y = Y{C)d, with 9 = ^ , 9 = ^ . Let T(C, C) = ? (C, C)e^. In the language 
used in the study of the Virasoro algebra (see e.g. [,15] ). the conformal Killing vectors act 
on tensor densities J^i i of degree (|, \), t = T{(, ()e'^{d()~^{dC)~^ through 

p{y)t = (Ydf - \dYf)e^{dCr-^{dC,)-'^ , (2.12) 
p{y)t = {Ydf - iaFf )e^(dC)-^(rfC)-^ • (2.13) 

The algebra bmS4 is then the semi-direct sum of the algebra of vector fields y, y with 
the abelian ideal i, the bracket being induced by the module action, [y,t] = p{y)t, 
[y, t] = p{y)t. When expanding y = aJ^ln, y = d"ln, t = 6™'"Tm^„, where 

i^ = -c^% i, = -c^% T^^^ = cceHdcrkdcrK (2.14) 

with m, n ■ ■ ■ G Z, the enhanced symmetry algebra reads 

[h,Tfn,n] = ( — Z ^)Tm+l,n: [^/;^?Ti,n] = ( — Z ''T')Tm,n+h [^m,ra; ^o,p] = 0.(2.15) 
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The Poincare algebra is the subalgebra spanned by the generators Tq o, To,i, Ti^, Ti^i for 
ordinary translations and Li, ^o, ^i, ^-i, ^o, h for ordinary (Lorentz) rotations. 

The space-time vectors ^ = Cf'^; 5"] that realize the asymptotic symmetry algebra bras4 
in the modified bracket, 

^^[[si,S2];9], (2.16) 

with S^g^i, — C^g^i,, are explicitly given by 

= /, 

e = Y^ + I^, I^ = -lBrdr'{e'f^g^^), (2.17) 
f = -ir(5^e^-/,5t/^), 

where = y^(x^) are conformal Killing vectors of the 2 sphere, / = e'^T+^ut/j with 

Their action on solution space can be worked out to be 

- SsCab = [fdu + jCy- \^]Cab - ^DaDbJ + AJ'Jab ■ (2.18) 

- SsNab = [fdu + Cy]NAB - {DaDb^ - Ia^^ab) , (2.19) 
-6sDab = CyDab: (2.20) 

- SsM = [fdu + Y^dA + '^ip]M 

+ -^du[DcDBfC''^ + 2DBfDcC''''] - ^Dai^DbC''^ + ^dAfd^R , (2.21) 

- 5sNa = [fdu + Cy + i^]NA - I [Db^ + i^DB]D^ 

+ SDAfM - ^DAfN^C^ + iDBfNSC^ - ^DAij{CSC^) 
+ \{DBfR + DBAf)C^ - ^DBfiD^DcC^ - DaDcC^^) 

+ \ {DADBf - ]^Af^AB)DcC'''' + ^-DAiDcDBfC''^). (2.22) 

2.4 Globally well-defined symmetry algebra 

In the standard approach to the BMS symmetry algebra in general relativity, one restricts 
oneself to globally well-defined transformations on the sphere. This amounts to consid- 
ering only Im, In, with m, n taking the values —1, 0, 1. At the same time, the supertrans- 
lations are restricted to those that can be expanded into spherical harmonics Yi^. The 
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supertranslation generators are then, t = d'^yim where = Yim{CX){.dC)~^{dQ~^ . 
The commutation relations yim\ have been worked out already in [fT6l . More general 
considerations on the transformation properties of (spin weighted) spherical harmonics 
under Lorentz transformations can be found in [HTl [TSl [19]. For later use, let us denote 
the standard, globally well-defined BMS algebra on the sphere by hmsf°^. 



3 Charge algebra 



3.1 Charges for asymptotically flat spacetimes at null infinity 



Using the data summarized in the previous section and inserting into (12.11) gives, after a 
lengthy computation whose main steps are summarized in the appendix, 

^Q^[5X, X] = 6 iQ,[X]) + Qs[SX, X] , (3.1) 

where the integrable part of the surface charge one-form is given by 



IottG J I lo 



(3.2) 



and the non-integrable part is due to the news tensor. 



(3.3) 



The separation into an integrable and non-integrable part in (13.11) is not uniquely de- 
fined as this equation also holds in terms Q'^ = Qs — Ng, Q'^ = Qg + for some 
Ns[X]. 

These charges are very similar and should be compared to those proposed earlier in 
||5l in the context of a closely related, but slightly different approach to asymptotically 
flat spacetimes. 



3.2 Charges as representations of the symmetry algebra 

hi the integrable Hamiltonian case ll20l |2T1 [6l, it has been shown that the asymptotic 
symmetry algebra is represented through the Dirac bracket of the surface charges, up to a 
central extension, 

{QZ^QZr = -5s,Ql = Qfsus,] + (3.4) 

where K^^ is a Lie algebra 2-cocycle (with values in the real numbers). In the covariant 
approach, one can show a similar result [[TOl [T2l . More precisely, when the charges are 
integrable, one can show that — ^sjQ^i = Q[si,s2] + -^si.sa where Kg-^^^sz is again a Lie 
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algebra 2-cocycle taking values in the real numbers. When using the equivalence of the 
Hamiltonian and the covariant approaches, one can infer that this coincides with the Dirac 
bracket {Qs^,Qs2}* of the charges. 

In the non integrable case, we propose as a definition 

{Qs^Qs^rix] = {-6,,)QsAX] + Qs-A-Ss,X,X]. (3.5) 

Whether this definition generically makes sense and defines a Dirac bracket will be ad- 
dressed elsewhere. The point we want to make is that, in the case at hand, the right hand 
side can be shown to be given by the charges for the commutators of the symmetries, up 
to a field dependent central extension. Indeed, we will show in the appendix that 

{QsijQs2} Qlsi,S2] ~l~ -^Sl,S2 5 (3-6) 

where the field dependent central extension is 

Ks„S2[X] = ^ J d'n^ [ifldAf2 - f2dAfl)d^R+ 

+ C^^(/iDb5c^2 - f2DBDc^i)j . (3.7) 
This central extension satisfies the suitably generalized cocycle condition 

K[si,s2U3 ~ ^S3^si,s2 + cyclic (1, 2, 3) = 0. (3.8) 

In fact, (|3.6I) and (13.81) imply the Jacobi identity for the proposed bracket when the algebra 
element associated to Ks^^s2 is central and thus generates no transformation. More pre- 
cisely, {■, ■}* defines a Lie bracket for the elements Qsi, Kg^ g^ if one defines in addition 

that {if.i,s2,<5s3}* = -<^s3^.i,s2 = -{<5s3,^.i,s2}* and {i^,,,,^, iT.g,, J* = 0. 

When defining as before, [Q'^.^Q's,]* [X] = {-5s2)Q's,[X] + e'J-Ss,X,X], one 
gets {Q;,,g;j* = g(,,,,,] + ir;,.,, where 

K,S2 = Ks,,S2 + ^.2^^.! - 5s,Ng, + iV[,^,,,]. (3.9) 

Note that 5s2^si ~ ^s^Ng^ + ^[si,s2] is a trivial field dependent 2-cocycle in the sense that 
it automatically satisfies the cocyle condition (13.81) . 

Discussion: 

• The proved equality between the right hand sides of (13.51 ) and (13.61) controls the 

non-conservation of the charges. Indeed, by taking S2 = (T = 1, = 0) and 

d 

Si = s we find from -^Qg = — Qg - Si^Qg that 



u 



^Q« = -^ / d'n'^[N^''{[fdu + CY-li^]CAB-2DADBf)' 

+ dAfd^R + C^'^'DbDc^P 



(3.10) 



The standard result that the mass loss is positive and vanishes only in the absence 
of news then follows by taking s = (T = 1, = 0). 
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• It also follows that on the sphere, the standard bmsf ° charges are all conserved in 
the absence of news. 

• In the case of the standard bmsf algebra on the sphere, there are no divergences 
provided the asymptotic solutions X are well-defined. The central charge Ks-^^S2 
vanishes and the representation of the asymptotic symmetry algebra through the 
charges simplifies to 

{Qsi,Qs2}* = Qisi,s2] (3.11) 

To the best of our knowledge, even in this well-studied case this representation 
theorem is a new result that does so far not exist in any other formulation of the 
problem. 



4 Charges and central extension for the Kerr black hole 

We will now take as a background metric the standard metric on the sphere, i.e., = 0. 
By following fTT\ and choosing the radial coordinate appropriately, one can put the Ken- 
black hole in BMS coordinates. As shown in the appendix, the Kerr solution A'^^''^ 
corresponds to M{u, 6, 0) = M, with M the constant mass parameter of the Kerr black 
hole. Dab = = Nab while 

Cee = -r^, C^^ = -asni9, (7^0 = 0, (4.1) 
sm u 

cos 9 o 

Ne = 3Ma cos 9 + ^, = -3aM sin^ 9 . (4.2) 

8 sin 9 

Note that in the BMS gauge, Cgg and Ng are singular both on the north and the south pole. 
For the supertranslation charges, we find 

2M If 1 

Qt™.„,o[a'^^"] = im,n = ^J d'n^^rc . (4.3) 

A direct integration on the sphere gives Lm,n = ^^lif^), with 

We have I{m) = /(I — m). In particular /(O) = | = /(I), so that the mass, which is 
associated to the exact Killing vector du of the Kerr solution and corresponds to T = 1, 
F = and thus to i(ro,o + Ti^i), is given by 

QT=i,Y=o[X''n = ^ , (4.5) 

as it should. For m > 1 and m < 0, the charges are not directly well-defined as the 
integrals diverge. Note that in the case of the globally well-defined BMS algebra, the 



BMS CHARGE ALGEBRA 



11 



supertranslations are expanded in spherical harmonics, T = c''"^Yim- It follows that the 
only non vanishing charge is (14.51 ) while all other supertranslation charges with / > 
vanish in this case. 

The superrotations charges are given by 

Qo,ijX^n = -S^'-^- (4.6) 

In particular, the standard angular momentum is associated to the exact Killing vector 
d<j) = —i{lo — Iq) of the Kerr solution and is thus given by 

Qr=o,y'^>=i,Y«=o['^'^'"'''] = — ^ ) (4-7) 

as it shoulclll 

For the central extension, we find 

^(o,«™),(o,i„)['^^''n = = ir(o/„),(o,/-„)[^^''n = i^(o,u),(o,«"„)['^^''n' (4-8) 

and 

^yKerrl 1)(/ + 1) , 



16G 

K lyKerr. a/(/- 1)(/ + 1) , 



with 



The integration gives Jm,n = ^nJ{^) with 

(4.12) 

1 (1 - /i) "^2 

and J(m) = J(l — m). These integrals diverge for all integer values of m. 



5 Discussion 

The extended conformal field dual for four dimensional asymptotically flat gravity is 
non-standard because the generator of time translations is not related to the Virasoro 
generators Iq and Iq but to |(To o + Ti i) instead. At the same time, the non trivial cen- 
tral extension appears between the supertranslation and superrotation generators, and not 
among the Virasoro generators alone. 



A discussion of the minus sign can for instance be found in 11231 . after equation (89). 
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To get to grips with these unusual features it is useful to review the correspond- 
ing results for bms^: a direct analysis of the Dirac bracket algebra of the charges of 
asymptotically flat space-times at null infinity in three dimensions [l24| gives one non- 
centrally extended copy of the Virasoro algebra with superrotation charges that act 
on the commuting supertranslation charges with a (field independent) central exten- 
sion, i[Lm,,Tri] = (m — n)Tm+n + ^?Ti(m^ — where c' = ^ for the Einstein- 
Hilbert action. In this case, there is no problem with singularities since the boundary 
is a cylinder. Furthermore, the relation to the asymptotically AdS^ case sheds some 
light: starting from two commuting copies of the Virasoro algebra with central ex- 
tensions c^, the redefinition Lm = — LZ^, Tm = jiL'^n + -^-m) implies that 
the Lm's form a copy of the Virasoro algebra with central charge c+ — c^, the same 
commutation relations between Lm and T„ as above with c' = {l/l){c'^ + c~), while 
i[Tm,Tn\ = p-((m — n)Lm+n + ^^Y^m(m^ — In the case of the Einstein-Hilbert 
action where = one then recovers the bmss algebra in the limit / — )• oo with zero 
central extension for the Virasoro algebra of the L^'s and the above value c' = ^ between 
the superrotation and supertranslation charges. From this point of view, the reason why 
the central extensions for bmsa in the pure gravity case have this unusual structure is thus 
related to the fact that the theory is a contraction of the standard conformal field theory of 
the anti-Sitter case where left and right movers have the same central charge. 

A strategy to get a better understanding of the extended conformal gravity dual in 
four dimensions is thus to first study the three dimensional case in more detail. In partic- 
ular, we will discuss elsewhere the relation between the general asymptotically flat and 
asymptotically anti-de Sitter solutions of three dimensional gravity. The absence of black 
hole solutions in the purely gravitational case with vanishing cosmological constant then 
forces one to consider more exotic actions, such as the one for new massive gravity [l25l 
which admit asymptotically flat black holes, to try to see what the analog of a Cardy for- 
mula has to look like in order to reproduce the Bekenstein-Hawking entropy. One should 
also directly study extended conformal field theories with bmss symmetry by analysing 
its physically relevant unitary irreducible representations. This has been partly done for 
the Qca2 algebra [|26|. which is isomorphic to the bms^ algebra. Note however that the 
main assumption that the energy should be bounded from below implies that such a rep- 
resentation should have a lowest eigenvalue for Tq. We plan to address some of these 
questions elsewhere. 

In the same way than the modified Lie bracket needed to represent the asymptotic 
symmetry algebra in the bulk space-time is the bracket of the Lie algebroid naturally 
associated to gauge systems [27 J . field dependent central extensions correspond to Lie- 
algebroid 2-cocycles rather than to Lie algebra 2-cocycles . Note that, besides the standard 
central extensions in the two Witt subalgebras, the bxns^ algebra does not admit addi- 
tional non trivial central extensions involving the supertranslation generators, i.e., there 
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are no additional non trivial Lie algebra 2-cocycles with values in the real numbers (see 
e.g. UlSI ). This no-go result is circumvented here because of the presence of the field 
Cab- 

The charges have been computed with respect to Minkowski space as a background. 
In the context of the Kerr-CFT correspondence, it might be more appropriate to choose 
another asymptotically flat solution as a background, such as the extreme Kerr black hole 
for instance, or to consistently restrict oneself to subclasses of solutions. 

The proof that the charges represent the symmetry algebra up to a field dependent 
central extension relies on the possibility to do integrations by parts on the sphere. This 
is of course problematic in the case of divergent integrals. Then again, the central ex- 
tension seems interesting mainly in the case of a symmetry algebra consisting of both 
supertranslations and superrotations where divergences are unavoidable. 

A way to make sense of the divergent integrals could be to use the theory of harmonic 
variables and distributions on the sphere introduced in the context of harmonic superspace 
||29l (see also ll30l for a review) and applied to local conformal properties of the sphere 
in [[3T1I321 . It would mean to probe solution space through objects such as 



Q(T^,r.fi)mw^,W-) = ^ I dvMP 



The previous charges are then recovered for = 0, = 1 and wf = 1, = 0. 

An altemative to the approach sketched in the previous paragraph consists in mapping 
the problem from the very beginning from the standard to the Riemann sphere and use 
more standard conformal field theory techniques. The formulas to do so are well known in 
the general relativity literature (see e.g. [l33l l34l ) since finite local conformal transforma- 
tions of the two dimensional part of metric remain as an ambiguity in Penrose's definition 
of asymptotically flat spacetimes [,35il . In the current set-up, the relevant formulas can be 
obtained by integrating the infinitesimal transformation properties of the coordinates on 
solution space under a local shift of the conformal factor —Sip = to worked out in ^tl- 
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A Evaluation of the surface charge one-forms 

When evaluated at a spherical cross-section of J^, the surface charge one-forms (12.11 ) 
become 

g] = ^— lim / d^n^^ r'^^ V^D'^h - D^K"^ + D'K", - D''h[) 

IdVTG r->oo J L 

- C{D'h - D^h"" - D'hl + D^'hl) + i^iD'KX - D^'h^) + hi{D'C - ^T) 



. (A.l) 



Using the Chiistoffel symbols for a metric of the form (|2.21 i. explicitly given in section 
4.3 of DH and the solution to the equations of motion up to the appropriate order as 
summarized in section |2^ we have 



= -e-'^ {g^^'drhAB - k^^'hAB + e-'^g^^kABhru) (A.2) 



^ C^^6Cab + oir-'~^) 



= g^''-g^''{DAh^B - D^hAB) + 0{r-^) 

= g""' (g^"" ^^'^DbKa - Krg^^{iAB + kAB-) 

\ r 

- khuu - g^^'d^hAB + g^^'hcAlB) + 0{r- 



(A.3) 



4 (^SM - IdaDbSC^'' + IsduiC^^'CAB) 

—d^CABSC^'' - C^^'dJCAB) + o(r-2-) 



+ \ (Una + U{CabDcC^'') - -CabDcSC^'' 



r 3) 



(A.4) 



i {h: + K) {DX' - D^C) + Ih:, {D^e - D^C) , (A.S) 
-{h -hi- hDiD'C - ^T) = -g^^hAsiD^'C - ^"D = , (A.6) 
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j^u^A _ j^A^u ^ gUrQ^^A _ gABQ^^u ^ ^gUr-^A^ _ gA^ric)^ + 0{r-') 



\A/-u „ur t 



-.AB 



ur-f^A 



(A.7) 



+ ^ (-\5Na - ^SiCABDcC^"^) + -^SCabDcC^'' ) + o{r-'-') . (A.8) 



Putting everything together, we get 



lim / (fVL"^ 

4 
3 



r[Y^\DB5Ci + Y^\DB5Ci 



+ Y^DbSDI ( I In r - ^ + ^ In r + ^) - "^^C^^SCab 



+ / ( 4(5M - ]^DaDb5C^'' + ^Sd^^C^'^CAB) - \duCAB^C^'' - C^'^dJCAB 
+ (^5Na + UiCABDcC^"^) - hjABDcSC^'' 
- TY^ [-\^^A - ^S{CabDcC'''') + ^-SCabDcC'' 



^DAfDB5C 



AB _ ^CabY^DcSC^'' 



■ (A.9) 



Using integrations by parts and the conformal Killing equation for the F^, this can be 
simplified to 



'i^C^'^SCAB + Y^25Na - ^Da/DbSC^^ 



+ f (^46M - ^DaDbSC^'' + ^SduiC^'^'CAB) 



—-duCAB^C — C OuSCab 



(A. 10) 



J dPVt'^ - y^C^^Cab + 2Y^Na + 4/m] 



+ 



IGttG 



^duCAB^C 



AB 



B Computation of the charge algebra 



We will start by computing the usual factor, 

1 



WtiG 



Y,^ ( 2{-Ss,)Na + ^aA(-5.,)(C^^CcB) 

+ 4/i(-(5,jM 



, (B.l) 
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organize according to the different types of terms that appear: 
• terms containing M 



1 



IGttG 
1 

1 

IGttG 
1 

16nG 



cfn'^ AM 
d^Vt^ AM 



(B.2) 



• terms containing A^i 



1 



IQtiG 
1 

1 

1 



2i;^(r2''^B + V'2)A^A + 2YfDAY^''NB 



d^Q'^ 2Na 



- Y^DbY^'' + Y^DbY^^ 



(B.3) 



terms containing Dab 



1 



16nG 
1 

1 



1 ^ 



d:'n^2Y,''\-^DB{i^2D2' 



IGnG 

• terms containing the news 

1 /• 



rf^f]'^D^Fi^^2i^As = 0, 



(B.4) 



2y- ( -_L>^/2Ar^cS + lDBf2NSC^ 



+2Y,^f2 ( ^^dA[NScE] - \daC%NE - \db[CEN^a - A^l^^] 



1 



1 ^ ^ 



1 



-i^i-C''"f2NAB + 4/i ( -DBDcf2N"'- + -DBf2DcN 
+4/1/2 



CA 



1 

+ 



A^^^/2 



d'^n'^^N^CcA 



fiNBc + jCy.Cbc - 2 V'iCbc - 2DBDch 



n^D^/2 + n^D^/2 - I'^^Yl'Dnf: 



rB r^A 



^.ABvD i 



. (B.5) 
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The second line is zero. This is coming from the following identity for the sym- 
metrized product of two traceless matrices in 2 dimensions. 



(B.6) 



and the conformal Killing equation for the Y^. The first line can be recognized as, 



1 



2 



— Cbc 



(B.7) 



the rest 

— Ss2Qsi ['^]r 



IGttG 



167rG 



--f2DB {D^DcC^ - DaDcC''^) 

+\{DBf2R + DBAh)C^ - ^DBf2{D''DcC^ - DaDcC''^) 
+ l{DADBf2 - ^Af2^AB)DcC^^ + ^L'^(L'c^b/2C^^)) 
-V'l^C^^ ([£y, - IHCcB - 2DcDBf2 + A/27cs) 

+4/i (/2^Ai? + \dAf2d^R + ^£'c5s^2C^^ 



+C^^(i/iL)BL)cV'2 + ^i\DcDBf2 + \f2YiBdcR 

-^^rDBDcf2 - Dc{Y^DADBf2) + ]^Dc{YiBAf2) 

+\Yw{DBf2R + DbA^) + iL'cA(riB/2) - \DcDADB{Y^^f2) 



DcDAiY.BD^h) + -DcDA{Y,^DBf2)) 



+^{fidAf2-f2dAfi)d''R 
Using the commutation rule for covariant derivatives, this gives 



(B.8) 



-{Y,^DAi^2 - Y,''DAi^i)CEC^ 



+1 {fidAf2 - f2dAh)d^R + C^"" (\ {flDBDc^2 - f2DBDci^l) 



+\f2YiBdcR+lf2DcAY,B + \Dcf2YiBR+lDcf2AY^B) 



IGttG 



1 



i^^ls.MCECn + ^(/i5a/2 - f2dAh)d''R 



1 



16 



+C^^^ {hDBDc^2 - f2DBDcA) I , 



(B.9) 
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where in the last line we have used the identity AY^ 
formal Killing vectors. 



\RY^ satisfied by con- 



Summing everything, we obtain 
1 



BC 1 



1 

16 



S2\ 



Q[s„s,] - Q2[-SiX, X] + ir.^.jA'] , (B.IO) 



with Ks,,s2['^] defined in (lO) . 



C Checking the cocyle condition 

Let us treat the two parts of iirs^_52[A'] separately: 

• for the second part = J <Pn^ C^^\{hDBDci^2 - /s^b^c^i), we 

have 



A 



I 



5,,C''^){hDBDci^2 - f2DBDci^i) + cyclic (1, 2, 3) 



{[hdu + Cy, - -^i^zVAB - IDaBbH + MzIab) 



(/i5^D^^2 - h^^'D'-i^i) + cyclic (1, 2, 3) 

+2Cbc {DaY^H - DaYHx) D^B^'i^z - \Cbc {^Pif2 - V'2/1) ^''^''V's 
+2 (Dc/1/2 - Dcf2fi) (a^^'^s - Id^'A^s) + cyclic (1, 2, 3)] , (C.l) 

The second term is given by 



B 



C''''{fi,,,s,]DBDci'3 - hDBDc%„s,]) + cyclic (1, 2, 3) 



BC 



Da ((^1^/2 - Y,^f,)DBDci'3) - ^ (^1/2 - ^2/1) DbD^Js 



- {Y.^'h - DaDbDc^; - hDsDc {Y,^Da^2 - Y^^Da^I^i) + cyclic (1, 2, 3) 



Da ((n^/2 - Y,^f,)DBDciJ3) - - (V^i/2 - ^2/1) ^^^c^s 



-2 (/iDbF/ - /s^B^^) DcDa^3 + cyclic (1, 2, 3) 



(C.2) 
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Summing the two, we get 



A + B 



+cyclic (1,2,3) 



y" d^fi^ [2 - 5c/2/i) (aD^^3 - In^Ai's) + cyclic (1, 2, 3) 



We can then use the following identities A^^ = -Da{RY^) andAD'-^ilj = D'^AiIj+ 



(C.3) 



-RD^-ip that can be deduced from the identity (4.59) for covariant derivatives of 



conformal Killing vectors in [|4|p to simplify the above to 



A + B 



2 {Dchf2-Dcf2h) (-^^^(rg^^Ai?) -^3^ ^''i?) + cyclic (1,2,3) 



2{Dcfif2-Dcf2fi) (-^£y35^i?-^35^/2) + cyclic (1,2,3) 



(C.4) 



for the first part Ks^^, 
leads to 



16 



/ d'Q^ \UidAt2 - f2dAh)d^R, condition dM]) 



d^Q^ 
d^Q"^ 



f[si,s2]dAf3 - hdAf[s^,s2]d^R + cyclic (1, 2, 3) 
Cy, U2dAh - hdAt2) - Mf2dAf3 ' /sSa/s)^^^? + cyclic (1, 2, 3) 



{f2dAf3 - hdAf2){-CY, - 2ij,)d^R + cyclic (1, 2, 3) 



(C.5) 



The different contributions then sum up to zero, A + B + C = 0. 



D Kerr solution in BMS gauge 

We start from equation (48) of [l22| giving the Kerr metric in generalized Bond-Metzner- 
Sachs coordinates, that is to say in a coordinate system u, r, 6, cp such that = QrA = 0. 
When changing the signature to (—,+,+,+) and expanding in r, one finds 



^Note that the first identity corrects the corresponding identity of (|4] in the case of non constant 
curvature. Note also that the second relation after (4.57) in f?] should be replaced by DAfDcCg + 
DbJDcC^ + DcIDaC^ + DcJDbC^ - 2D^fDcCAB - I^abDcJDdC'^'' = 0. 
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9u,j> 
gee 



Quu = -l + 2M?'-i + 0(F-2), (D.l) 

gu7 = -l + a2(^-cos2^^)f-2 + 0(F-3), (D.2) 

= -a COS 6* + 2a COS 6'(M - a sin 6*) + 0(f-2) , (D.3) 

-2aM sin"^ 9 r'^ + 0{r-^), (D.4) 

7^ + 2asm9r + a^(3 sin^ ^ - 1) + 0{r'^) , (D.5) 

7^ sin^ ^ - 2a sin ^ cos^ er + a^{l-3 sin^ 9 cos^ 9) + 0{r~^) (D.6) 

0{7-^) . (D.7) 

The Bondi-Metzner-Sachs gauge is reached by defining r through det (7^^ = ^'^ sin^ 6*, 
which implies that 

_ acos(2^) a^ , , „^ 1 , , , 0^ 

r = r + -—^ + - 4cos 2^ + r'' + O . (D.8) 
2 sin6' 8 sin^6' 

In the coordinates u,r,9,(f), the metric components gur, gu4> are simply obtained from 
the above expressions by replacing f by r, while 

gee = r' + ^r + -^ + Oir-'), (D.9) 
sm 9 2 sm 9 

= r^sin^9-asm9r + Y + 0{r-^), (D.IO) 

= 0(r"i), (D.ll) 

a cos 6* ocos^, ,^ a , 1 

9ue = 7:-^ + —^m+-^)r-' + 0ir''). (D.12) 
2 sm 9 4 sm 

When comparing with section I2.2[ one can read off X^'^^^ as described at the beginning 
of section m 



E Integration on the sphere 

Consider stereographic coordinates C, = e^^ cot | and let /i = cos 6^, P = i(l + (,(). We 
have 



r d<P r sin ('"C" = 47r<+,, / rf0 sin 9d9 CC = 47rC„ 
Jo Jo Jo Jo 

Jo Jo J-1 ^ ~ 

d^Q = sin 9d9 A d(j)= 



(E.l) 
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COS^ 



2sin^ 



1-CC 
1 + CC 



1 + n 



(E.2) 



g(C, 

0) 



K 



g(g, 0) 
9(C, C) 



1 

'2P 



2C 



1 

' 2P 



I 

2C 



(E.3) 



F Computations for the Kerr black hole 



sm^ 9 8 -x/C^^ 

' 8 ' ^ ^ 16 ^ 

2a2 (1 + CO' 



Fory^ = -r+\ 



sin^^ 2 CC 
-(m + 1)C'" + (1 - m)C'"+^C 

1 + CC ' 



-m(m + 1)^""^ + 2(1 - m2)C"'C + m{l - m)C'"+^C' 



(1 + CC)' 



(1 + CC)^ 



^(W|(i-CC>.C) + ^(i-CC)(i + CC)'i^ 



(F.l) 



(F.2) 



■m(m + 1)^""^ + 2(1 -m2)C™C + ^(l -^)C'"+^C'~ 



(F.3) 



(F.4) 



(1 + CO' J 

2C -m(m + l)C™-i + 2(1 - m2)C'"C + ^^(1 - /mC™+^C' 



1 + CC (1 + CO' 

d [-m{m + 1)C'"~^ + 2(1 - m2)C'"C + ^0- - m)C"'+^C'] 



m(l — 



(1 + CO' 

^m— 2 _j_ 2C"^~"'^C + C"^C' 

' (1 + CC)^ 



m(l — m )C 



(F.5) 
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aa,„-ra,„ = 9(^).^^ = o. (f.6, 

If T = then 4/M = D^(2MMy'^) and the associated term in the charge vanishes. 
More directly, for Y^, we get §^fd'^^iJm^^ J^i d// // = 0. It follows that 

QoAX^'n = ^J d'nY^{NA + ^dAiC^'^CBc)). (F.7) 

Qo,u^-i = / (T^r- ^(^ /^(i - CO + <-) 

^"^.^ c^/. [ - /.(I + - /.) V2 + z(l + /.)(!- 



_ iaM 
'^^ 2G 



d^Q-- <^ — ^ — — -n{l - n^)C - (m-^n) 



6A7rGj 4 i 1 + CC 



ua 



J (fn ^^t^^ { - (m + l)n(l - + (1 - m)n{l - n')C+"+^C - (m O n) } 



2567rG' J 

«am(l-m2X+„ /• (1 + ^^)2 



/,.0il±i21(l-CC) 
J ,/7573 



uam{w? - l)(5m+n,o /"^ A* 



y_i "V(l + /x)3(l-/.)3 
= 0. 

(F.9) 

+ (n + l)m(l - m^)CC - (1 - - m^)C+^} 



= 0. 



GAttG J -s/C^C 
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